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Why disturbance rejection?

A vehicle must hold a target depth.

A conventional controller only attenuates the disturbance so
the vehicle never quite settles on the target.

This talk: how to reject modelled disturbances exactly when
its model is not fully known.
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Existing Works
®

Conventional disturbance observers (DOBs)
Existing Works

d
. e o lJr ’ @ P: Uncertain plant.
+ :,.;_ ) +Q_ O P ’ e P,: Nominal plant.
QE) e C: Outer-loop controller designed for P,,.
S
e Q: Low-pass filter with unity DC gain.
ﬂ/L— | .
- "“”':j{: P1(5)Q(s) k e d: external (unmodeled and bounded) disturbance.
@ Closed-loop system:
PPnC ]. - PPn
Yy = r + ( Q) d.
(1-Q)Pn+P(Q+Pr(C) (1-Q)Pn+P(Q+Pn(C) r Uc Y
C(s) > Pn(s) >
+ J—
e In low frequency range: Q(jw) =~ 1 and
_ Pn(yw)C(yw _
y(Jw) = Jw)Cgw) (Jw).

T 1+ Pa(uw)Cw)



Existing Works
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Internal-model-based DOBs: Modeled disturbances
Existing Works

Adding an additional filter in feed-through path: [1]

@ Disturbance under consideration:

w = Sw, d=[10 --- Olw.
@ Increases the order and structural complexity
of the DOB.

Embedding disturbance model in Q-filter: [2,3,4]
e Disturbance unkder congideratkion:
d(t) — Zziﬂ ﬂ/fit’I —+ stzl Nz SiIl(G‘jt e qﬁj)
o Constraint: o; # 7.
Otherwise, the DOB design is infeasible.

o Coefficients of the numerator of Q(s)-filter depend
on 7 implicitly.

[1] Kim, Park, & Shim, “Robust disturbance rejection for uncertain linear system with TV exosystem: A DOB approach,” AUT, 2025.
[2] Joo, Park, Back, & Shim, "Embedding internal model in DOB with robust stability,”” TAC, 2016.

[3] Park, Shim, & Joo, “Recovering nominal tracking performance in an asymptotic sense for uncertain linear systems,” SIAM, 2018.

[4] Kim, Joo, & Park, “Design of HGO-based High-order internal model DOB,"” Proc. of ICCAS, 2024.
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Main Result
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Problem formulation: Plant and modeled disturbance
Main Result

Plant P in Byrnes-Isidori’s normal form: deJr
_I_

= A,x + By (¢Tm+g(u+d)) , . Tf_
y — lem: Qq

where x € R” and u,y,d € R. +

Assumption (Plant)

@ Uncertain ¢ € RY lies in a known compact set.

G
-
= |
|_|.
>
S
A

Ou—l Iu—l Uy—
@ g c [gminagma}c]; where e and Jmax are known. ) Ay = [ 0 03—1] , By = [ 1 1] , Cp = [1 u—l} .

Assumption (Disturbance)

@ S and R are unknown but Re\;(S) >0 fori=1,...,m.
d— Ruw w € R™. @ The minimal polynomial of S is known, where
Aw(s) := s* + ap_ls“‘_l + ..+ ays+ ap.

Modeled disturbance:




Main Result

o]
Problem formulation: Nominal systems and the problem
Main Result
Nominal counterpart P, of P: dl
_I_
?“—} Uc N u ‘|“ﬁ . .
Tn = Avxn + By (‘f)n—rf’cn +gn’un) ; ¢ jC“;;f_ J— 1 P >
Yn = Cun. Q.
Note: Nominal plant contains no uncertainty and disturbance. {},{L—_l_
: : — Pi'Qp <
Nominal controller: (, = F(y + Giyn + Gar, i P

un = JCh + Kiyn + Kor.

Assumption (Nominal closed-loop system)

The nominal closed-loop system with xn := |xn; (n] is asymptotically stable under r = 0, i.e., As is Hurwitz.

Gl Cy F

-
Xn — -ASXn + Br = [AV + By ((}5” + QHKICL*) gnByJ:| Yn + [gnBuK2:| -

DOB problem

Design a DOB (Qq and Pn_lQp) s.t. the actual closed-loop system is asymptotically stable under » = 0.




Main Result
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Internal-model-based design: Pn_lQp
Main Result

Nominal plant P,: dlf
- yn — :Bn,l T C Uc A~ U —f" . P
Tn = Avxn + By (Q’}n Ln ‘|‘gnun) : + 5 N~ v
— Ln,2 — Tn,1+1 F —
YUn — Cui?f?n i:n?y _ ¢nT$n ‘|‘gnun Qq
Gy
Nominal inverse P !: —(—; Pr'Qp |
. —1 d v
Un = g_i(yrgy) _¢I[yn§yn5"' §yr(1y )])
Implementation of P, 'Q,:
p=Avp+ H(y— Cup), 0 ;
— ,81,_ zBIJ— v—1 v—1 .
’E‘f:i(ﬁv—fﬁ'—rp) H_[ o ’ng;- ’f—g]’ Ay_[ 0 Uj—l}’cy_[l Oy 1]
n bl
gn

where p := [p1;--- ;pu] ERY, D € R, and Ap(s) = s¥ + B,_18Y" 1 + -+ B1s + Bo is a Hurwitz polynomial.



Main Result

o]
Internal-model-based design: Qq and C
Main Result
. d
Nominal controller: (, = F'(, + Giyn + Gar, r c | U w +‘,L+ I o v
un = JCn + K1iyn + Kor. . ¥ _ v
QOuter-loop controller C: Qq
( = F(+ Gy + Gar, Y+ 1
A . I:)n Qp <
e = JC+ Kiy + Kor. d v

Design of Qq: With ¢ :=[q1;--- ;q.] € RH,

— H —
o o Ay —1
. o . . . _ . o : - T
U = C‘u,q? Aq . — . . . - . ) Bq - . ] CJLL T [1 Op',—]_] ’
—_ R - ¥ X
u=uc— (0—1), ——2. 0 0 - 1 a1 —ay
270) ... &0 _
T 0 0 0_ L pyy) a) i

where Aq(s) = s# + ay—1s#~ 1 + -+ + a1s + ap is a Hurwitz polynomial and
Aw(s) = sH + a#_ls“’_l + .-+ ai1s + ag is the minimal polynomial of S.



Main Result
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Stability analysis: Internal model principle
Main Result

Recall that v = Sw, d = Rw, and Aw(s) = s#* +au—1s#~1 4+ -+ + a1s + ao.
Define II1 := —R, II; :=1I;,_1S 4+ ap4+1—4I11 fore =2,...,pu, and II := [IIy;--- ;II,] € R#X™,
Then, since Aw(S) =0and IT;_ 1S = —a,+1-:111 + 115,

II1S = —a, 1111 + 1o,
HlS — —(]',H_lnl + HQ?

11,15 = —aq1l; + 11,
HﬁbS + a{)Hl — Hp—lsg + a1111.5 + C‘L(}Hl — ...
0y (5" 4+ ap 18" 4ot arS +aol) =0,

11,15 = —a11l; + 11,

Matrix identity (internal model principle):

i Hl 7 -—ﬂ,’u_l 1 0 e 0- i H]_ 7
: : . . ILS = (Ap — aCl) 11,
S - ) . . —
I, _4 —a; 0 O 1| |, ~R=C,II (=[1 0 --- 0],
1T, | —ap 0O O 0] L I, _
where a := [a;—1; a1;a0] € R and Ay, :=[04—1 I—1; 0 03_1]



Main Result

)O0e000
Stability analysis: Standard form of singular perturbations
Main Result
Closed-loop system: = = A, x + B,,(qua: + g(u +d)), Yy = 0,2,
{ = F¢+ Giy + Gar, ue = JC + K1y + Ko,
1,
p=A,p+ H(y— Cup), o==(bv— ¢ p),
gn
q = Aqq + Bqu, U = U+ U— v, U = Cydg.

Coordinate changes: ¢ := %T(q — IIw) and p :== YT~ 1(z — p),
where T := diag {7, 72,...,7#*} and Y := diag {7V, 7V~ L,...,7}.

Standard form: T = (AV + Buch) T — giﬁoBuCuﬁ + 9By Cud + gBufle, ¢, 7,0, 7);

(=FC¢C+ GiCux + Gar,

pl _ . [P
o[-

where f(.) := J( + K1Coz + Kar + £ ¢, (z — TP), a:=[ap—1;--* ja1; 0], B := [Bu—1;- -+ ; B1; Po), and

Bud)—rx + gBuf(xa Cv raﬁv T)
of (2, ¢, p,7) — Ta (Cud — 20Cp + f(2, ¢ 7, 5,7)) |

gn

AI/ = /BCI/ - gin,BOBl/CV gBl/C/J,-
Af T _‘B_OQCV A/_L

Note: No disturbance signal w appears in the above equation.



Main Result
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Stability analysis: Quasi-steady-states

Main Result

Standard form: €Tr = (Ay -+ By(jﬁ—r) Xr — iﬁ{)Bprﬁ -+ QBUCMQA + gBuf(ma C:Taﬁ?T):

an
{ =F(+G1Cyz + Gor,
ﬂ H ' Bu¢  x+ 9By f(x,¢,m, b, 7) '
T2 =Ap L] + A « ﬁo
q q _af(xaCaTapaT) —T(l (O,u,q— Cyp"-f(ﬂl' CaT pﬂ T))

Quasi-steady-states: By letting 7 = 0,

vV—1 1 .

ﬁ:zﬁ +1gn(JC—I—Kle:t:—|—K2r—|—q§nTm), r=1,...,v, B, :=1,
Bo g

5 1

q1 = E(fﬁsn ‘i’) T + ; (JC+ K1Cpx + Kar),

i =0

<
|

ul\?

=

Note: Quasi-steady-states do not depend on the signal w!



Main Result
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Stability analysis: Reduced and boundary layer systems

Main Result

Reduced system: With x := [x; (],

y v 154 ’ n L/ n 174 HBLJ’K
X:[A + By (0 +0nF1C) giqﬁ{g Z}T:ASHBJ_
1%“w

Nominal closed-loop system: x, = Asxn + Bsr.

Boundary layer system: By letting £ := £ and 7 =0,

_ dn
~f

% _ -Ay—ﬁCy_ < BoB,Cy gByCM- D 4 D
q —ﬁ—gaC’y Ay, / ’

Lemma (Stability of boundary layer system)

The characteristic polynomial of A is given by

Afp(s) = s¥TH 4 By_18¥TH L oo 4 BrsHT 4 Bost + giﬁo (s* + ap—15* "t + -+ a1s + ao)

— R A (s) + giﬁgaq(s).

o A¢(s) can always be made Hurwitz for all g € [gmin, gmax] by suitably choosing o and S.



Main Result
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Stability analysis: Main theorem

Main Result

Theorem (Main theorem)

Suppose that

@ the nominal closed-loop system is asymptotically stable (stability of reduced system);
o Ap(s) and Aq(s) are Hurwitz polynomial; and
o A¢(s) is a Hurwitz polynomial (stability of boundary layer system).

Then under r = 0, 37* > 0 such that for all 7 € (0,7*),

@ the actual closed-loop system is asymptotically stable; and

o the following hold.

lim
t— 00

[:r:(t

ol =0 i e - meo) <o

e Embedding of an internal model of disturbance into the Qq-filter i1s confirmed by the asymptotic behavior.
@ Sinceu+d=uc+u—0v+d, u=0C,q, d= Rw, and —R = C,II, we have

w(t) + d(t) = uc(t) + Cuq(t) — 9(t) + d(t) — wue(t) + Cullw(t) — (t) + d(t) = uc(t) — (t).

o It is not necessary for the Qq-dynamics to contain a zero eigenvalue.



Computer Simulation
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Mechanical positioning system

Computer Simulation

Plant P [5,6]: Disturbance model:
.o 1 0 w = Sw, Se I 0 o
— — S = . Sg p— ,
S T R O e S U e L B
where J € [0.2,0.4] V/(m/s?) and B € [0.1,0.2] V/(m/s). where R € [—1,1]? and ¢ = 30 rad/s.

Nominal plant P,: J, = 0.3 V/(m/s?) and B, = 0.15 V/(m/s).
Nominal controller: With r(¢t) = 0.03 m for ¢t > 0,

o = —100.5Ch — 5525yn + 5007,  un = —15Cn — 900yn + 1507

Qp-filter: Ap(s) = 52 4+ 2s + 1.
Qq-filter: Aq(s) = s* + 253 +0.25% + 0.04s + 0.0005.
—> A¢(s) is Hurwitz for all g € [2.5,5].

[5] Kim & Chung, ‘Advanced disturbance observer design for mechanical positioning systems,” TIE, 2003.

[6] Park, Shim, & Joo, "Recovering nominal tracking performance in an asymptotic sense for uncertain linear systems,” SIAM, 2018.



Computer Simulation
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Mechanical positioning system

Computer Simulation

o Initial conditions: Set to all zero except for w(0) € [—1, 1]%.

@ Time-scale parameter: 7 = 0.005.

0.035

oo

0.03 r

N

0.025

N

0.02 1

-
-
f—t
N

Position (m

0.01

0.005 |

Disturbance and output of Qq (V)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time (s) Time (s)

Note: u(t) = q1(t) — IT1w(t) = —Rw(t) = —d(t).
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Real Systems that use disturbance observers

The read/write head must stay on a data track only tens of

A linear actuator holds position against a periodic load i
nanometres wide.

disturbance (e.g. a gait-frequency cyclic force).

Hard-disk read/write head servo

Limb linear actuator

t=0.00s
nominal only
target

. i
i
. :
i
|
i
I

with IM-DOB
= i
i
. :
i
|
|
i

green = cyclic load (same on both)
T T T T T T
-0.2 -0.1 0.0 0.1 0.2 0.3

actuator extension [m]
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Conclusion

e We have designed an internal-model-based DOB for a class of linear systems, and shown the asymptotic
stability of the closed-loop system.

@ The matrix identity describing the internal model principle has played a crucial role.

@ The existing internal-model-based design of DOBs handles the disturbance by incorporating it into the
quasi-steady-states, whereas our method explicitly takes it into account in the coordinate changes using the
developed matrix identity. By this, we have

lim lq(t) — Tw(t)|| = 0

t— o0

and the stability analysis has been simplified compared to the existing works.

Thank you!



